Abstract-This note addresses the problem of (local) coordinates and feedback equivalence of single-input affine nonlinear systems to feedforward forms. In particular, using the notions of invariant and controlled invariant distributions we provide necessary and sufficient conditions for a general affine in control nonlinear system to be (locally) coordinates or feedback equivalent to a system in (strict) feedforward form. For illustration, the general theory is applied to a simple four-dimensional system describing the dynamics of a food-chain.
I. INTRODUCTION
Following the seminal work [24] of Teel on stabilization of nonlinear systems, a new class of systems, denominated feedforward systems have attracted the attention of the nonlinear control community. Feedforward systems are in general not feedback linearizable and occur naturally in the model of simple physical systems, e.g., the cart and pendulum system, the ball and beam (with friction). Therefore, they have been regarded as an interesting class of truly nonlinear systems, for which methods such as feedback linearization or backstepping cannot be applied. Most of the attention of the researchers has been devoted to the stabilization problem and several semiglobal and global stabilization results have been derived, either via full state feedback or via measurement feedback; see, e.g., [10] , [8] , [17] , [24] , [18] , [16] , [4] , [22] , [7] , and the references therein.
Most of the aforementioned works start from the assumption that the system to be controlled is already in feedforward form. As a result, little attention has been devoted to the problem of the intrinsic characterization of feedforward systems, i.e., to the problem of deciding when a given nonlinear system can be (locally or globally) transformed, via a coordinates or a feedback transformation, into a feedforward system. Notable exceptions are the results in [24, App. 1], [23] , and [21] . In [24, App. 1] , some sufficient conditions are proposed for the problem of feedback equivalence to strict feedforward forms. However, it must be noted that the (sufficient) conditions in [24, App. 1] rely on a special structure of the system to be transformed and on a special form for the transformed system. In particular, it is required that the transformed system is controllable in the first approximation and moreover that it can be decomposed into a feedback linearizable term and a perturbation term. The conditions for equivalence to strict feedforward form are then phrased in terms of the perturbation term (see also [15] for a similar structure, where the perturbation term is nonaffine in control). On the other hand, in [23] a single-input-single-output affine system is first approximated by its Taylor series expansion and then the problem of transforming it in a strict feedforward form is broken down to successively transforming vector fields that collect homogenous polynomials of degree m, for all m 2 (see also [12] and [11] ). This is achieved by a series of coordinates and feedback transformations each of which is again defined with homogeneous polynomials of degree m and leaves invariant the part of the system of homogeneous degree less than m.
Necessary and sufficient conditions that guarantee the applicability of the method at each step are given, while finally the transformation is done up to a certain degree of accuracy, i.e., after k successive homogeneous transformations, the equivalent representation of the system contains a vector field, that collects all nonlinear terms of degree larger than k, that is not in strict feedforward form. Finally, it is interesting to stress the following issues. First, feedforward systems are in general nonaffine in the control, i.e., the control variable does not enter linearly in the differential equations describing the systems, and this makes the equivalence problem more difficult. Second, there is not a unique definition of feedforward systems, i.e., the denomination feedforward systems is used to indicate different objects [8] , [17] , [24] . Moreover, a system is in feedforward form if, besides the structural properties, it fulfills also some controllability and observability like assumptions, that are used to obtain globally stabilizing control laws. We overcome these difficulties in the following way. First, we focus our attention on control affine systems, as the more general case of nonaffine systems can be dealt with using the idea of dynamic extension, which has already been used in the framework of feedback linearization of nonaffine systems; see, e.g., [19, Th. 6.12 ] (see also [14] where results on the stabilization of nonaffine triangular systems are presented). Second, we consider only the simplest possible description of feedforward systems and we do not take into consideration controllability and detectability issues.
The note studies necessary and sufficient conditions for systems equivalence to (strict) feedforward forms. This problem has been studied in [3] , however, therein some of the conditions for the geometric characterization of strict feedforward forms are incorrect. The equivalence to feedforward forms is translated to the existence of invariant and control invariant distributions, and/or smooth functions that satisfy some geometric conditions, that are, however, coordinates free. Although some easy-to-check necessary conditions are also given, it has to be understood that the main results of the note consist of necessary and sufficient conditions that are only conceptual, i.e., they rely on the existence of solutions of certain partial differential equations, hence, in practice, they may not be easy to use. It must be noted however, that the existence of equivalent conditions for feedforward forms that are phrased in terms of the system vector fields (as in the case of feedback linearizability) is still an open issue. Compared to the work of [23] the results presented here are less constructive, however, as they are phrased for the system in its original nonlinear form, rather than for a polynomial approximation, they are likely to provide a more intuitive geometric interpretation. Moreover, contrary to what is most common in the literature of equivalence to feedforward forms, in this note, coordinates equivalence is examined in depth. Coordinates equivalence is the only option for transformation when autonomous systems, i.e., systems with no inputs, are considered. Note that the trajectories of a system written in a strict feedforward form can be explicitly computed. Besides that, even when controlled systems are considered, a feedback transformation may not always be possible, if, e.g., the control signal has to comply with magnitude constraints. Coordinates equivalence to strict feedforward forms, moreover, is strongly related to the existence of symmetry groups, as explained in [13, Sec. II.3] . Finally, results regarding coordinates equivalence to feedforward forms for discrete time nonlinear systems have been presented in [1] and [2] .
II. DEFINITIONS, BASIC FACTS, AND PROBLEM FORMULATION
In this section, we recall some definitions and facts from geometric control theory (see [6] and [19] for further details), we define two 0018-9286/$20.00 © 2005 IEEE special classes of feedforward systems for which a geometric characterization will be given, and we state formally the problems under investigation. Although this situation may be interesting from a theoretical point of view, it does not have any practical interest. Finally, if g n = 0 and f n = 0 then x n = x n (0), and it is possible to consider reduced vector fields.
We are now ready to give a precise formulation of the problem addressed in this note.
Problem 1: (Coordinates equivalence problem) Given a single-input nonlinear system described by equations of the form 
III. MAIN RESULTS

A. Coordinates Equivalence
The problem of coordinates equivalence to feedforward forms can be addressed and solved by a combination of the results of [19 
The conditions in Proposition 1 can be strengthened to obtain a characterization of strict feedforward systems, as illustrated in the following statement.
Proposition 2: System (1) is locally coordinate equivalent to a system in strict feedforward form if and only if there exist a nested sequence of distributions as in expression (2) 
2 Without loss of generality, inthe rest of this note it is assumed that x = 0.
Next, consider n functions 1(z); 2(z); ...;n(z) such that (4) and (5) . . .
We obtain _y = Lf 1(z) Lf 2(z)
. . .
Lg n01 (z)
Lgn(z) z=3 (y) u: (8) Conditions (5) From (9), and from the triangular structure of the transformation (7), we conclude that the system is transformed into the form _y =f 1 (y 2 ; ...;y n01 ; y n ) f2(y3; ...;yn01;yn)
. . . f n01 (y n ) 0 +ĝ 1 (y 2 ; ...;y n01 ; y n ) g2(y3; ...;yn01;yn)
. . . g n01 (y n ) cg u: (10) Hence, the claim.
Remark 2: If a system is coordinates equivalent to a strict feedforward form, then it is necessarily coordinates equivalent to a feedforward form. Indeed conditions (3), e.g., the invariance of the distributions under the vector fields f and g, are implied by the existence of the functions 1 (x); 2 (x); ...; n (x) with the properties (4) and (5). This can be easily verified considering the change of coordinates (7) and the (9), and keeping in mind that 1 i (z) = spanf(@=@z 1 );(@=@z 2 );...; (@=@z i )g and 1 i (y) = spanf(@=@y 1 );(@=@y 2 );...; (@=@y i )g.
Remark 3:
To establish coordinate equivalence to a strict feedforward form, one might be tempted to consider the conditions [f; 1 i ] 1 i01 [g; 1 i ] 1 i01 : (11) However, for a vector field g satisfying condition (11) the following implications are true [as in the rest of the chapter, we denote withg the vector field expressed in the coordinates in which the set of distributions 1 i are expressed by (6) ]. For all i = 1; ...;n and all scalar functions (z) the vector field (z)(@=@zi) is in 1i, whereas all vectors in 1 i01 have zero entries in the positions i; i + 1; ...;n. Then, by (11) (@=@z i )g 0 (z)(@g=@z i ) 1 i01 ) (@=@z i )g i 0 (z)(@gi=@zi) = 0. However, this is true for all functions (z) only ifgi = 0 for all i = 1; ...;n, i.e.,g(z) = g(x) = 0. The same applies to the vector field f . Hence, conditions (11) are not correct.
B. A Necessary Condition for Strict Feedforward Forms
The applicability of the results in Propositions 1 and 2 depends on the solution of some nontrivial partial differential equations. On the other hand, it is known that a necessary and sufficient condition for a linear system to be coordinates equivalent to a system in strict feedforward form is that its eigenvalues are equal to zero. Derivation of similar, easy-to-check necessary conditions for nonlinear systems would prove very useful. In this section we present a necessary condition for the coordinates equivalence of a nonlinear system (1) to a system in strict feedforward form. For simplicity, we restrict ourselves to the first step of the procedure and consider a system with no controls, i.e., we are looking for equivalence to the form _y =f 1(y2; ...;yn) f 2 (y 2 ; ...;y n )
. . . fn(y2; ...;yn) : (12) Consider a nonzero vector field 1 and the one-dimensional involutive distribution 1 1 = spanf 1 g. According to Proposition 2 (see also the explanation in [9, Rem. 9.1]), for a system that is coordinate equivalent to a at-the-first-step strict feedforward form, i.e., to a system of the form (12) , there exist a one-dimensional distribution and n real functions 1 (x); 2 (x); ...; n (x) such that the following hold. 1) Conditions (4): 1 ? 1 6 3 d1 2 IR n and di 2 1 ? 1 ; for i = 2; ...;n, i.e., hd1;1i 6 = 0 and hdi;1i = 0; i= 2; ...;n: (13) 2) Condition (5) (13) and (14) we obtain (15) and (17).
Corollary 1:
If a vector field f(x) is coordinates equivalent to a vector field which is at-the-first-step in a strict feedforward form, then there exist a vector field 1 6 = 0 and functions 1 (x) and k(x) with d1 6 = 0 and k(0) = 0 such that (15) and (17) hold.
An immediate consequence of Corollary 1 is that if a linear system _x = Ax is coordinates equivalent to a system which is at-the-first-step in a strict feedforward form, then the determinant of A is equal to zero.
C. Feedback Equivalence
In this section we show how the conditions expressed in Propositions 1 and 2 have to be modified in order to solve the feedback equivalence problem, i.e., Problem 2. By [6 for all i = 1; ...;n 0 1.
Remark 4:
It is worth noting that the results concerning the feedback equivalence are not as elegant as the ones on coordinates equivalence. This is because in the proof of the sufficiency of the feedback equivalence we need the technical assumption that the distributions 1 i + spanfg(x)g be nonsingular. This assumption is required to construct the feedback laws inducing the invariance of the distributions 1 i (in the closed loop system), but it is not necessary. As a matter of fact the regularity of the above distributions is not needed in the proof of the necessity. This fact should not be surprising and is a consequence of the gap existing in the characterization of locally controlled invariant distributions, as observed in [6, Rem. 6.2.1]. To address the problem of feedback equivalence to strict feedforward forms, we present first the following preliminary result.
Proposition 4: System (1) is locally feedback equivalent to a system in strict feedforward form if and only if there exists a coordinates transformation z = 8(x) such that (1) written in the z-coordinates is described by equations of the form _z = b(z)(c(z) + e(z)u) + h(z) (19) where c(z) and e(z) are scalar functions, with e(0) 6 = 0, and b(z) and h(z) are vector fields in strict feedforward form, i.e., (1) is locally feedback equivalent to a system in strict feedforward form. Then, there exists a feedback u(x) = (x) + (x)v, with (x) 6 = 0 and a coordinates transformation z = 8(x) such that the system _z =f f (z) +g f (z)v is in strict feedforward form, with f f (x) = f(x) + g(x)(x); g f (x) = g(x)(x);f f (z) = (@8=@x)f f (x)j x=8 (z) andg f (z) = (@8=@x)g f (x)j x=8 (z) . Applying the transformation z = 8(x) to the original system (1), one gets _z =f(z) +g(z)u (20) which is necessarily transformed into a strict feedforward form by the feedback u(z) = u(x)j x=8 (z) =(z) +(z)v. This implies that (see [9] for details) the vector fieldsg(z) andf (z) must possess a special structure, namelỹ g(z) = g(z)gn(z) andf(z) = f (z) + g(z)fn(z) (21) where g (z) and f (z) are vector fields in strict feedforward form.
From (21), we conclude that system (20) can be written in the form of (19) with c(z) =fn(z);e(z) =gn(z);b(z) = g(z) and h(z) = f (z), i.e., the vector fieldsf (z) andg(z) are described byf (z) = h(z) + b(z)f n (z) andg(z) = b(z)g n (z), which proves the claim.
(If) Consider a system described by (19) . Applying the feedback u(z; v) = 0(c(z)=e(z))+(1=e(z))v we get _z = h(z)+b(z)v which is in strict feedforward form and feedback equivalent to (1) .
Proposition 4 gives necessary and sufficient conditions for feedback equivalence to strict feedforward forms, however, these conditions are not phrased in the geometric framework that has been used for the results presented thus far. We overcome this shortcoming with the next result.
Proposition 5: Consider system (1). Let distributions (2) 
Remark 5: A system that is locally feedback equivalent to a strict feedforward form is locally feedback equivalent to a feedforward form. Note, in fact, that conditions (18), i.e., the necessary and sufficient conditions for the controlled invariance of the distributions 1i, can be recovered from conditions (22) .
Proof: (Only If) Assuming that system (1) is locally feedback equivalent to a system in strict feedforward form and following the steps in the proof of Proposition 4 we see that conditions (22) are satisfied for the distributions 1i = spanf(@=@zi)g; i = 1; ...;n 0 1 and the functions i = zi.
(If) Consider system (1) and the change of coordinates z = 3(x) = col[1(x); 2(x); ...; n(x)], where the functions i are such that condition (4) holds, with the nested sequence of distributions of (2) . This gives the following equivalent representation of (1):
. . . L g n (x) x=3 (z) u: (23) Next, since it is assumed that Lgn 6 = 0, we define the feedback u = 0(L f n =L g n )+(1=L g n )v. Using this feedback, system (23) 
Using (22) 
Then, from Proposition 2 it follows that the vector fields f ? and g ? are coordinates equivalent to a strict feedforward form.
IV. AN EXAMPLE
Consider a four-dimensional model of a food-chain system [5] , [20] , i.e., _x1 = 0x1 + x1x2 _x 2 = 0x 1 x 2 0 x 2 + x 2 x 3 _x3 = 0x2x3 0 x3 + x3x4 _x 4 = 0x 3 x 4 0 x 4 + u: (24) This system describes the behavior of a (normalized) four species ecology, in which the species described by x 2 and x 3 act as preys and predators, x 1 acts as predator and x 4 acts as prey. The species described by x4 is fed by the environment through the input signal u. Obviously, the system is defined in the (open) positive orthant IR 4 + , which is a positive invariant set for all trajectories as long as u > 0. The qualitative behavior of system (24) has been extensively studied in the biological and game theory communities, whereas a few control problems have been discussed in [20] . System (24) is not in feedforward form, and there is no obvious change of feedback and/or change of coordinates that transforms the system into a feedforward form. Nevertheless, the system can be (locally) transformed into a feedforward form, as detailed in the following statement. Hence, after a proper redefinition of the control u, the conclusion follows. Remark 6: Though the coordinate transformation proposed previously is not defined for x3 = 0, the result holds in the open positive orthant. As the system represents a food chain, and it is a positive system, it is itself defined only in the positive orthant thus the limitation of the design of the transformation is not restrictive.
V. CONCLUSION AND OUTLOOK
The problems of local coordinates and feedback equivalence of a single-input nonlinear system to a class of feedforward systems have been studied and a geometric characterization of the problems has been proposed. As the definition of feedforward systems is not unique, we restrict out investigation to a special subclass. However, similar conditions can be given for more general classes of systems and in particular for the so-called block feedforward systems. The main results of the note are necessary and sufficient conditions that are phrased via the existence of some invariant and controlled invariant distributions. The implementation requires the solution of an intricate partial differential equations problem.
The global problem and the case of multiple-input systems are still open and are more complicated than the one considered. In particular, to obtain global statements it is necessary to require existence of global (controlled) invariant distributions and completeness of the vector fields in the distributions, whereas no major differences are to be expected in dealing with multiple-input systems. We leave these problems open for further investigation.
